For even b 2, an even [2, b]-factor is a spanning subgraph each of whose degree is even between 2 and b. The main result is the following: a 2-edge-connected graph G of order n has an even [2, b]-factor if the degree sum of each pair of nonadjacent vertices in G is at least max{4n/(2 + b), 5}. These lower bounds are best possible in some sense. The condition "2-edge-connected" cannot be dropped. This result was conjectured by Kouider and Vestergaard, and also is related to the study of Hamilton cycles, connected factors, spanning k-walks, and supereulerian graphs. Moreover, a related open problem is posed.
Introduction
We consider finite undirected graphs without loops and multiple edges. Let G be a graph with a vertex set V (G) and an edge set E(G). For x ∈ V (G), we denote by deg G (x) the degree of x in G, and by (G) the minimum degree of G. (A, B) for the number of edges in G joining a vertex in A to that in B. The degree sum of independent vertex subsets of given cardinality has often been used to give sufficient conditions for the existence of Hamilton cycles or paths, or other structures such as regular factors. The following notation will be useful:
If there is no independent vertex subset of cardinality k, then k (G) = +∞. Our purpose in this paper is to give conditions containing 2 (G) for the existence of even [2, b] -factors. Even [2, b] -factors are related to many other types of spanning subgraphs. In fact, Ellingham et al. [2] showed some relationships as follows:
A walk in a graph is called a k-walk if each vertex is used no more than k times. A k-trail is a k-walk with no repeated edges. In particular, the existence of a connected (or 2-edgeconnected) even [2, 2k]-factor is equivalent to that of a closed spanning k-trail. An even [2, 2k]-factor is also equivalent to a covering of all the vertices in a graph by edge-disjoint cycles with each vertex appearing in at most k cycles. Even [2, b] -factors therefore seem to be a natural subject for investigation.
Degree sum results are common as sufficient conditions for the existence of spanning subgraphs. The first degree sum theorem was shown by Ore. It guarantees the existence of a Hamilton cycle in a graph. [10] ). Let G be a graph of order n 3. If 2 (G) n, then G has a Hamilton cycle.
Theorem 1 (Ore
Since a Hamilton cycle is a closed spanning 1-walk, Jackson and Wormald generalized Theorem 1 to that of closed spanning k-walks. [4] ). Let k 1 be an integer. Suppose that G is a graph of order n 3 and k+1 (G) n. Then G has a closed spanning k-walk.
Theorem 2 (Jackson and Wormald
For trails, there are several results having the conditions of k (G) that guarantee the existence of a spanning trail. We state two theorems for the existence of a closed spanning trail involving the condition 2 (G). [8] ). Let G be a graph of order n 3. If (G) 2 and 2 (G) n − 1, then G has a closed spanning trail.
Theorem 3 (Lesniak-Foster and Williamson
Since a graph with 2 (G) n − 1 has (G) 2 if and only if it is 2-edge-connected, the following is a strengthening of Theorem 3. Theorem 4 (Benhocine et al. [1] ). If G is a 2-edge-connected graph of order n 3 and
, then G has a closed spanning trail.
As mentioned earlier, spanning k-trails are related to connected factors with degree conditions. The following two theorems are the recent results based on degree conditions for the existence of connected factors. [6] ). Let b 2 be an integer. If G is a 2-edge-connected graph with 2 [5] ). Let b 2 be an integer. If G is a graph of order n b +3 satisfying
Theorem 5 (Kouider and Mahéo
(G) 4n/(2 + b), then G has a 2-edge-connected [2, 2 b/2 ]-factor.
Theorem 6 (Kano
A closed spanning k-trail also can be regarded as a (connected) even [2, 2k]-factor. Kouider and Vestergaard showed the minimum degree condition for the existence of even [2, b] -factors. [7] ). Let b 2 be an even integer. If G is a 2-edgeconnected graph with (G) max{2n/(2 + b), 3}, then G has an even [2, b] -factor.
Theorem 7 (Kouider and Vestergaard
For the spanning subgraphs in Fig. 1 , only the result with 2 (G) for the existence of an even [2, b] -factor is unknown. Our results in this paper strengthen Theorem 7. We obtain some Ore-type conditions for graphs to have an even [2, b] -factor.
Theorem 8. Let b 2 be an even integer and let G be a 2-edge-connected graph of order
For n b+2, we need another Ore-type condition for the existence of an even [2, b] -factor as follows.
Theorem 9. Let b 2 be an even integer and let G be a 2-edge-connected graph of order
In Theorems 8 and 9, the lower bounds of the condition 2 (G) are best possible. Moreover, the hypothesis "2-edge-connected" cannot be dropped. For Theorem 8, the lower bound n b + 3 is also sharp. We will discuss these later.
Kouider and Vestergaard [7] conjectured that G has an even
. By Theorems 8 and 9, we can obtain the following theorem, which is stronger than their conjecture.
Theorem 10. Let b 2 be an even integer and let G be a 2-edge-connected graph. If
2 (G) max{4n/(2 + b), 5}, then G has an even [2, b]-factor.
Preparation for the proofs of Theorems 8 and 9
In order to prove Theorems 8 and 9, we depends on the following theorem, which is a special case of Lovász's parity (g, f )-factor theorem.
Theorem 11 (Lovász [9]). Let G be a graph and b 2 even. Then G has an even [2, b]-factor if and only if
G (S, T ) = b|S| + x∈T (deg G−S (x) − 2) − h G (S, T ) 0
for all disjoint subsets S and T of V (G), where h G (S, T ) is the number of the components C of G − (S ∪ T ) such that e G (V (C), T ) is odd.
We call such a component C odd. The following lemma might be well-known, but we give its proof for the convenience of the readers.
Lemma 1. G (S, T ) ≡ 0 (mod 2).

Proof. Put m = h G (S, T ) and let
Since b 2 is even, we obtain
Therefore Lemma 1 is proved.
Proof of Theorem 8
The proof is by contradiction. Suppose that G is a graph satisfying the conditions of Theorem 8, but has no desired factor. Then, by Theorem 11 and Lemma 1, there exist disjoint subsets S and T of V (G) satisfying
We choose such subsets S and T so that |T | is minimal.
By Claim 1, we have |T | 1.
Claim 2. T is an independent subset of V (G).
Proof. Let T = T \{x} for any x ∈ T . By the choice of T and Lemma 1, we have
G (S, T ) 0 and G (S, T ) − 2. Thus, 2 G (S, T ) − G (S, T ) − deg G−S (x) + 2 + h G (S, T ) − h G (S, T ), implying deg G−S (x) h G (S, T ) − h G (S, T ). This inequality together with e G (x, G − (S ∪ T )) h G (S, T ) − h G (S, T ) yields deg T (x) = deg G−S (x) − e G ({x}, V (G)\(S ∪ T )) = 0, which means that T is an independent subset of V (G).
We consider two cases.
Hence we may consider the case h G (∅, t) 2. Since G is 2-edge-connected and S = ∅, we have e G (V (C i ), {t}) 2 for each i = 1, 2, . . . , h G (∅, {t}). Then it follows from (1) that
which is a contradiction. Thus the proof of this case is complete.
Case 2: |T | 2. Let t 1 , t 2 , . . . , t |T | be the vertices of T. We may assume that deg
. . , t |T | } is an independent set of G. Consequently, by the condition of this theorem, we have
This inequality together with deg
Then it follows from the inequalities above that
We divide this case into further two cases. Subcase 2.1:
We first show that |S| 2n/(b + 2) − 1. Suppose that |S| > 2n/(b + 2) − 1 or equivalently 2n − (b + 2)|S| < b + 2. Since the both sides of this inequality is even, 2n
(S, T ).
It follows from (1) and 2|T
Since |T | b + 1, there exist at least two vertices x and y of T such that deg G−S (x) = deg G−S (y) = 0. Therefore by the condition of Theorem 8,
On the other hand, by Claim 1 and n |S| + |T | + h G (S, T ), we have 2(n − |S| − h G (S, T )) 2|T | b|S|+2, which implies |S| 2(n−h G (S, T )−1)/(b+2) < 2n/(b+2). This contradicts (3)
. Hence we get |S| 2n/(b + 2) − 1 as desired.
Using (1), (2), e G (S, T ) |S||T |, h G (S, T ) n−|S|−|T
This is a contradiction. Subcase 2.2: 2 |T | b.
Suppose that there exist at least two vertices x and y of T satisfying deg G (x)=deg G (y)=2. Then by Claim 2 and the assumption of this theorem, we have 4 = deg G (x) + deg G (y)
4n/(2+b), which contradicts n > b+2. Hence the number of vertices t ∈ T with deg G (t)=2 is at most one. Consequently,
By Claim 1, |S| < 2|T |/b 2, which means that |S| equals 0 or 1. Let 1 be the number of odd components C of G − (S ∪ T ) such that e G (V (C), T ) = 1, and let 2 be the number of odd components
We first consider the case |S| = 0. Since G is 2-edge-connected and S = ∅, we obtain 1 = 0. Hence by (1)
implying |T | 2 + 1. By this inequality, (1), and (4),
This is a contradiction. Next we consider the case |S| = 1.
that is,
For i = 1, . . . , 1 , let C i be the odd components of G − (S ∪ T ) with e G (V (C i ), T ) = 1. We may assume that |C 1 | · · · |C 1 |.
Suppose that 1 (b + 2)/2. For any two vertices u 1 ∈ V (C 1 ) and u 2 ∈ V (C 2 ),
Consequently, we have
Using (6), n > b + 2, 1 (b + 2)/2, and (5), we have
This is a contradiction. Hence 1 b/2 holds. Then it follows from (1), (4), e G (S, T ) |S||T | b, (5), and 1 b/2 that
Finally, Theorem 8 is proved.
Proof of Theorem 9
The proof is similar to that of Theorem 8. By way of contradiction, we assume that G has no even [2, b]-factor. Then, by Theorem 11, there exist disjoint subsets S and T of V (G) satisfying
We choose such subsets S and T so that |T | is minimal. Using the argument of Theorem 8, we have 2|T | b|S| + 2, T is an independent subset of G, and |T | 2. If |S| 2, then n |S| + |T | |S| + (b|S|/2 + 1) b + 3, which contradicts n b + 2. Hence |S| = 0 or 1. We distinguish two cases.
Case 1:
We first consider the case We first consider the case |S| = 0. Since G is 2-edge-connected and S = ∅, all the odd components C of G − (S ∪ T ) satisfies e G (V (C), T ) 3. By (7),
Then it follows from x∈T deg G (x) 3|T | − 1, (7), and |T | h G (∅, T ) + 1 that
This is a contradiction. Finally, we consider the case |S|=1. By (7), x∈T deg G (x) 3|T |−1, and e G (S, T ) |T |,
Therefore we obtain n |S| + |T | + h G (S, T ) 1 + 2 + (b + 1) b + 4, which contradicts the assumption n b + 2. This completes the proof of Theorem 9.
Sharpness of Theorems 8 and 9
In this section, we discuss the sharpness of Theorems 8 and 9.
Remark 1. In Theorem 8, the lower bound on the degree condition 2 (G) is best possible in the sense that we cannot replace 4n/(2 + b) with 4n/(2 + b) − 1, which is shown in the following example: Let G be a complete bipartite graph with partite sets A and B such that |A| = 2t and |B| = bt + 1, where t is any positive integer. Then it follows that
for two nonadjacent vertices in B. However, it is easy to see that G has no [2, b] -factor since b|A| < 2|B|.
Remark 2.
The condition "2-edge-connected" cannot be dropped for b 6. For example, consider the graph G consists of one vertex v and two complete graphs C each of which is joined by one edge to v. Then G is connected, but G is not 2-edge-connected. It is easy to see that the order of G is n = 2|C| + 1 and 2 (G) = |C| − 1 + 2 = (n + 1)/2 4n/(2 + b) for b 6. However, G has no even [2, b]-factor. In fact, putting S = ∅ and T = {v} in Theorem 11, we can verify that each C is an odd component of G − (S ∪ T ), and thus Note that the graph in Fig. 2 shows that the lower bound of 2 (G) 5 in Theorem 9 is sharp in the sense we cannot replace 5 with 4. For the case when a = b is even, this conjecture corresponds to the following result:
Concluding remark
Theorem 12 (Iida and Nishimura [3] ). Let k be an even integer and let G be a graph of order n with n 4k − 5 and (G) k. If 2 (G) n, then G has a k-factor. Note that they [3] also obtain the similar result for odd k.
